The deflection of light ray as it passes around a gravitational mass can be calculated by different methods. Such calculations are generally done by using the null geodesics under both strong field and weak field approximation. However, several authors have studied the gravitational deflection of light ray using material medium approach. For a static, non-rotating spherical mass, one can determine the deflection in Schwarzschild field, by expressing the line element in an isotropic form and calculating the refractive index to determine the trajectory of the light ray. In this paper, we draw our attention to the refractive index of light ray in Kerr field using the material medium approach. The frame dragging effects in Kerr field was considered to calculate the velocity of light ray and finally the refractive index in Kerr field geometry was determined. Hence the deflection of light ray in Kerr field was calculated, assuming far field approximation and compared the results with those calculations done earlier using Null geodesics.
I. INTRODUCTION
Gravitational deflection of light ray is the most important consequence of Einstein's General theory of Relativity. Scientists have worked to find out the light deflection angle due to a gravitating body using different approaches. One of the approaches is the null geodesics, where based on any of the forms of the line element, either by using the perturbation [1, 2] or by integrating the null geodesic equations [3, 4, 5] , the deflection of light ray is calculated. In this paper we have considered the material medium approach, to find out the trajectory of the light ray in the gravitational field of a rotating body (also known as Kerr field). In this approach, the effect of the gravitation on the ray of light is estimated by considering the propagation of the electromagnetic waves be reduced to the problem of wave propagation in material medium in flat space time. This concept can be defined as the equivalent material medium approach. This method is attractive because it suggests that the classical optics is as suitable as that of the Riemannian geometry for the study of the electromagnetic phenomena in a gravitational field.
Material medium approach was first used by the author Tamm [6] in 1924 and then by Balaz [7] in 1958, to calculate the effect of a rotating body on the polarization of light. The same concept had also been utilized by Plebanski [8] in 1960 to study the light scattering by gravitational field. Felice [9] in 1971 had also discussed the optical phenomena for the deflection of a electromagnetic wave by gravitational field. Mashhoon [10, 11] had calculated the deflection and polarization due to the Schwarzschild and Kerr black holes. Later Kopeikin and Mashhoon [12] corrected the light deflection angle of the Shapiro time delay caused by the rotation of gravitating bodies, by this approach. Fishbach and Freeman [13] derived the effective refractive index of the material medium in Schwarzschild field and calculated the second order contribution to the gravitational deflection, where the value of the refractive index of any medium indicates the strength of the gravitational field [14] . In a recent series of articles, Evans, Rosenquist, Nandi and Islam [15] [16] [17] [18] derived and used the effective refractive index to calculate the gravitational time delay and trajectories of light rays in Schwarzschild geometry. The authors also showed that the Opto-mechanical analogy of general relativity reproduces the equation of GR and matches with the classical equations. P. M. Alsing [19] has extended the Newtonian formalism of Evans, Nandi and Islam [18] to the case of stationary metrics, typical of rotating space times.
Ishihara, Takahashi and Tmimatsu [20] studied how the polarization vector of a linearly polarized electromagnetic wave propagates in a curved space-time in the presence of Kerr black hole. They have showed that, in the weak field limit the rotation angle of the plane of polarization is proportional to the line of sight component of the black hole's angular momentum. The above fact is very similar to the Faraday Effect, if the angular momentum is replaced by the magnetic field. This justified that, the rotation of the plane of polarization due to the angular momentum of the Kerr black hole is just the Gravitational Faraday Rotation. Sereno [21, 22] has also used the similar idea to derive the time delay function and deflection angle by drawing the trajectory of the light ray by Fermat's principle and also discussed the Gravitational Faraday Rotation in the weak field limit.
Very recently, Sen [23] also used the same approach to calculate the light deflection for a static non rotating mass in Schwarzschild geometry, by expressing the line element in an isotropic form to determine the trajectory of the light ray. In this paper we shall follow a similar approach corresponding to Kerr field.
On the other hand, in a more conventional manner, using null geodesic method many authors have worked to find out the deflection angle solutions in the Kerr field. In 2009, Iyer and Hansen [24] calculated the deflection angle using the null geodesic in the equatorial plane. They also concluded that the deflection angle due to Kerr field is greater than the Schwarzschild value for pro-grade or direct orbit and smaller for retrograde orbit. But as in the schwarzschild case, when the deflection angle exceeds 2π, it forms in multiple loops and relativistic images are produced. For the higher rotation case, the effect is much more pronounced.
In 1986, Bray [25] presented approximate solutions to the equation of motion for a ray of light in the Kerr field and considered multi-imaging aspect of the gravitational lens effect. Bozza, Luca, Scarpetta, Sereno [26] presented an analytical treatment of gravitational lensing by Kerr black holes, restricting the observers in the equatorial plane. Keeton and Petters [27, 28, 29] have developed a general formalism for lensing by spherically symmetric lenses and studied the gravitational lensing by compact objects considering the metric in Taylor series expansion in GM c 2 r . Ye and Lin [30] , discussed the strong similarities between gravitational lensing and optical lensing using the graded refractive index approach.
In the present paper we used the line element under Kerr field in Boyer Lindquist form [31] to calculate the gravitational bending of a light ray. In Section II, we have calculated the velocity and hence the refractive index of a light ray in the Kerr field . The value of 1 c dφ dt involved in the expression of refractive index, due to rotating mass is also evaluated. In Section III, we have obtained the expression of deflection angle of a light ray in equatorial plane due to Kerr gravitating mass. Section IV is devoted to some final consideration to make the numerical calculation of the refractive index and deflection angle due to Sun and some other Pulsars. In Section V, we have concluded our work.
II. THE REFRACTIVE INDEX OF A LIGHT RAY IN KERR FIELD
The exact solution of Einstein's Field Equation of General Relativity for a stationary, axially symmetric gravitational field of an uncharged rotating body is given by the Kerr metric. This celebrated solution was first given by R.P. Kerr in 1963 [32] . In the Boyer Lindquist form, in the (ct, r, θ, φ) co-ordinate system, the line element of Kerr metric is as follows [31] :
where
The constants r g and α are the schwarzschild radius and the rotation parameter of the Kerr gravitating body.
and α is defined as α = J Mc , where J is the angular momentum of the gravitating body, M is the total mass of the gravitating body and c is the velocity of light.
If we consider α → 0 the Kerr line element reduces to Schwarzschild line element, which represents the non-rotating or static gravitating mass. Like the Schwarzschild line element, the Kerr element is also asymptotically flat. The coefficients of line element are independent of φ showing that it is axially symmetric.
In equatorial plane θ = π 2 , which implies Σ 2 = r 2 .
Under far field approximation we can assume, [33, 34] :
In most practical purposes the linearized Kerr metric satisfactorily describes the gravitational field around a rotating star or planet. To derive the expression for re-fractive index, we follow a procedure similar to the one adopted by Sen [23] for a static field (Schwarzschild geometry). Thus to express the above line element in an isotropic form we introduce a new radius co-ordinate (ρ) with the following transformation equation [14] as
The above equation may be also written as:
As was done by Sen [23] from Eqn. (5) the value of dr dρ can be calculated as
Substituting the value of r and dr 2 from Eqn. (5) and (6) in Eqn. (3) (which has far field or slow rotation approximation) we get:
The above result expressed by Eqn. (7) gives the isotropic form of Kerr solution. Now in spherical co-ordinate system the quantity (dρ 2 + ρ 2 (dφ 2 + dθ 2 )) has the dimension of square of infinitesimal length vector d − → ρ . By setting ds = 0, the velocity of light (v(ρ, θ)) can be identified from the expression of the form
. Therefore the velocity of light in the present case (characterized by Schwarzschild radius r g and rotation parameter α) can be expressed as:
But this expression of velocity of light is in the unit of length ρ per unit time. We therefore write
Substituting the value of ρ from Eqn. (4) as 4ρ = 2r − r g + 2 r(r − r g ) and then replacing r/r g by x, we can write the above expression for velocity of light as :
Similarly, the refractive index n(x, θ) can be expressed by the relation:
when α = 0, we find the central gravitational mass is static and in that case the above expression of refractive index goes over to that for Schwarzschild mass, which is :
This is exactly same as the refractive index calculated by Sen [23] for a static non rotating mass (Schwarzschild geometry).
A. Calculation of dφ/dt in the expression of refractive index
The value of dφ/dt can be calculated by following a procedure from Landau and Lifshitz [14] . Below we outline this procedure, which can be used to calculate the expression for dφ/dt.
In the gravitational field of a rotating spherical mass, the relativistic action function S for a particle with the time t and the angle φ as cyclic variables, can be expressed as:
where E 0 is the conserved energy and L denotes the component of the angular momentum along the axis of the symmetry of the field.
The four momentum of the particle is
where i and k have the values 0,1,2,3 which stand for the coordinates ct, r, θ, φ respectively. [14] (page 17, 23, 29, 264) . Now, for the variables t and φ one can write :
and mc dx
Comparing with the Kerr line element expressed by Eqn. (1) one can write:
The determinant of the linearized form of the Kerr metric tensor is given by:
Thus using the formula g ij = co−f actorof gij |g| the contravariant components are:
and other components are zero. Using the above values of the components of the metric tensors, the Eqn. (15) and (16) become
Therefore, the value of
In the propagation of a light ray ( or photon like particle ), the momentum (p) and the conserved energy ( E 0 ) can be expressed by the relation
Further, restricting the light ray in the equatorial plane (θ = π 2 ), the angular momentum L can be expressed as
where b= impact parameter, which implies
So, for equatorial plane, Σ 2 = r 2 and the Eqn. (20) 
Now under far field approximation (corresponding to the line element as in Eqn. (3)), the above expression becomes
where we define Now by substituting the value of dφ/dt from Eqn. (24) into Eqn. (10), the velocity of propagation of light ray in Kerr geometry can be expressed as :
In the above expression of velocity of light we find, the first term refers to the velocity due to Schwarzschild geometry alone [23] and the second term refers to the contribution due to rotation (under Kerr field geometry).
From Eqn. (25), we can write the refractive index n(x, π 2 ) at an arbitrary point on equatorial plane in the Kerr field as:
In the above, we introduced the parameters
. Here we can also show for all r > r g , we get S x << 1. This is explained in Appendix A. Therefore, one can also write the expression of refractive index in terms of the following converging series :
Now at α = 0, S x = 0 so that the refractive index becomes n(x, π 2 ) = x x−1 = n 0 (x), which is exactly the same result calculated by Sen [23] .
III. CALCULATION OF DEFLECTION IN KERR FIELD
The Eqn. (27) provides the general expression for refractive index on the equatorial plane in Kerr field. Thus, the trajectory of the light ray can be written as [23, 35] :
As had been already discussed by Sen [23] , here in our present problem the light is approaching from asymptotic infinity ( r = −∞ or x = −∞) towards the rotating gravitational mass, which is placed at the origin and characterized by Schwarzschild radius r g and rotation parameter α. Then the ray goes to r = +∞, or x = +∞ after undergoing certain amount of deflection (△ψ). Here, the closest distance of approach, for the approaching ray is b. (we note that, in actual case the impact parameter and closet distance of approach are only approximately equal.) When the light ray passes through the closest distance of approach (i.e.r = b), the tangent to the trajectory becomes perpendicular to the vector − → r ( which is − → b ). Now we change the variable to x = r rg so that dr = r g dx . The corresponding limit changes from x = v to x = ∞, as the limit of r changes from r = b to r = ∞.
Accordingly, the value of deflection (△ψ), can be written as :
Using Eqn. (26) and substituting D k = n(v) · v, like it was done by Sen [23] , we can re-write the above equation as :
where D 0 = n 0 (v).v (corresponding to schwarzschild deflection). And we have also denoted
At this stage we can show that J(x) << 1 ( discussed in Appendix B). Therefore, from Eqns. (29) and (30) one can write:
where, we have introduced additional notations:
and so on. Again we follow a procedure same as what was followed by Sen [23] to evaluate a similar integral.
Thus
The first part in above (viz I 01 ) contains an integral, which has been already evaluated earlier by Sen [23] . Now we introduce a new variable
Therefore, the limits of integration change as y = 0 and
Thus,
In the expression for I 02 , if we change the variable as z = [23] . We can therefore, write:
This can be evaluated in terms of Elliptical function as expressed by Eqn.(18) of Sen [23] . And finally for a given value of a, its numerical value can be obtained. Now to evaluate the value of J(x) we evaluate the value of ((1 + 2S x ) −1 − 1) first as follows:
Now in Eqn. (31) above, we substitute the value of ((1+2S x ) −1 −1) (from Eqn. (37)) and n 0 (x) = x/(x−1).
As a result, we can write the following expressions for J(x):
Further, substituting the value of n 0 (x) = x x−1 and J(x) from Eqn. (38) , the integral I 1 becomes
Again applying the change of variable as z = 1 x (like it was done for I 02 ) we may write the integral I 1 as
Similarly, I 2 , I 3 etc. can be written as
Thus form Eqn. (32), the expression for deflection of light ray in Kerr geometry can be expressed as:
The above expression has been obtained for gravitational deflection in the equatorial plane of a rotating body considering the Kerr line element.
IV. CALCULATION OF NUMERICAL VALUES FOR DEFLECTION FOR SOME GRAVITATIONAL OBJECTS
Considering Sun as a rotating body, we can calculate the deflection angle for pro-grade (b = −ve) and retrograde (b = +ve) direction of the light ray with respect to the gravitating body. From Eqn. (45) after actual numerical calculations, it was found that for pro-grade direction, the deflection will be greater and for retro-grade direction, the deflection will be smaller than that of the Schwarzschild geometry. This has been also confirmed by Iyer et al. in their previous work [24] . A more recent work by Werner [43] , also confirms this phenomena where the author has considered terms only up to first order in α ( rotation parameter).
For a Sun grazing ray, we can calculate the deflection of a light ray using the Eqn. (45) obtained in this present work. Here, we may consider the closest distance of ap- [42] proach is equal to the solar radius as r = 6.955 × 10 In addition to Sun, we shall also consider some millisecond pulsars, to show the effect of rotation on light deflections, as we know the pulsars are fast rotating objects. Nunez et al. [36] have calculated the red-shift and preferred radius for some fast millisecond pulsars. We derive some of the input parameters ( like b, α, r g etc.) from their published work and perform some sample calculations. We note that, the calculations performed here on Sun and these pulsars are for demonstrative purpose only. The aim is to show that, like the Null Geodesic method, the Material Medium approach can predict equally well the gravitational deflection of the light ray in Kerr field. However, these calculated values may not be very accurate, as only the gross values of input parameters are taken for our purpose.
In table I, we have shown the refractive index along with other parameters for different gravitating body, due to pro-grade and retro-grade orbits of the light ray. The refractive index values have been expressed with 11 places after the decimal. We can note for Sun the refractive index value changes at 11th place after the decimal as we change from pro-grade to retro-grade orbit of light ray. However, for fast rotating pulsars these refractive index values vary at the second place after the decimal between pro-grade and retrograde orbits ( cf. Table I ). From this table it is totally clear that, the refractive index is greater for pro-grade direction and smaller for retro-grade direction as compared to Schwarzschild one. Thus as compared to the Schwarzschild case, the deflection angle for light ray should be also greater for pro-grade and smaller for retro-grade orbits of light ray.
In table II, we have calculated the deflection of a light ray (in arc-sec) due to Sun and other pulsars considering the impact parameter as the physical radius of the gravitating body and considering up to fifth order term i.e. I 5 in the Eqns. (32) and (45). We further, note that Sun is a slow rotating object and pulsars are fast rotating. To calculate the deflection angle of these rotating gravitational objects, we used numerical integration by Simpson's one third rule. Here it is also shown that, the value of deflection angle continuously decreases as we calculate higher order terms. In this table the deflection angle values due to the gravitational body are calculated considering no rotation (α = 0) of the body, pro-grade (b = −ve) and retro-grade (b = +ve) orbits of light ray. In case of no rotation ( α = 0 ), the first column ( representing (2I 0 − π)) will be zero as there is no difference between D k and D 0 . Also the values of I 1 , I 2 , I 3 etc. will be zero, when there is no rotation ( i.e. α = 0) as can be seen in Table II and equally confirmed through Eqn (45). The light deflection values obtained for Sun, by material medium method here for pro-grade and retro-grade orbits are in good agreement with those other similar calculations done using null geodesic method [24] .
In Fig. 1 we have plotted the refractive index as a function of x considering the gravitational body to be Sun. If we make this plot for other pulsars, we get the similar trend in the curves. As the value of x i.e. r rg increases, ( i.e. as we move towards asymptotically flat space), these curves merge into each other. At x = 1 i.e. r = r g , the value of refractive index is infinite for all the gravitational bodies and this is physically expected.
In Fig. 2 , we have plotted the deflection angle as a function of u(= α rg ) for Sun. Thus, Fig. 2 illustrates the dependence of deflection angle on the rotation parameter. Here the solid line parallel to the u-axis, indicates the Schwarzschild geometry.
The pulsars are highly compact objects, with their physical radii being very close to the corresponding Schwarzschild radii in most of the cases. Thus it is necessary to consider the light ray to be passing at various other close distances from the pulsars. In order to understand the dependence of deflection on the impact parameter, we selected one of the pulsars from our list viz. PSRB 1919+21. In Fig. 3 . we have plotted the amount of deflection as a function of v = b/r g , under three cases no-rotation, pro-grade orbit and retro-grade orbit. From  Fig. 3 , it is also clear that the deflection angle is greater for pro-grade and smaller for retro-grade orbit as compared to the Schwarzschild one. This phenomena has been also observed by Iyer et al. [24] as discussed earlier.
From Figs 2 and 3, and also from Table II, it is clear that the deviations of light orbit from the Schwarzschild case for pro-grade and retro-grade orbit are not symmetric. Such asymmetries of deflection values for pro-grade and retro-grade orbits have been also reported by previous authors [24] .
V. CONCLUSIONS
We have presented here in detail the calculations for light deflection angle on the equatorial plane of a rotating objects (viz Kerr field), by following material medium approach. The following have been observed: (i) The material medium approach gives same values of deflection as compared to that obtained by other most conventional method of Null geodesic. This has been verified by taking Sun as a test case. Further, the cases of some millisecond pulsars were considered to understand the effect of rotation more objectively on the deflection angle.
(ii) For pro-grade orbit of the deflection angle is greatest and for retro-grade orbit, the deflection angle is smallest. The one corresponding to no-rotation ( Schwarzschild case) lies in between.
(iii) The deviations of pro-grade and retro-grade orbits from the Schwarzschild deflection angle are not symmetric. The deviation is slightly higher for retro-garde orbit.
Under above conditions of x >> 1, x >> u and v > u, we may note that, we will have u v < 1 << x and uv x 2 << x. Therefore,
Thus, In Table III , we tabulate the values of S x at x = +v and x = −v. It is clearly seen that, these values are smaller than 1. However, as the field becomes weaker or as we have x > v, the values of S x will become still smaller. For S x , these values are reported upto 8th place after decimal. However, for Sun we report upto 27th place after the decimal to show differences in S x values for x = +v and x = −v. [42] J(x) values for x = +v and x = −v, occurs only at 16th place after the decimal. For other objects we report J(x) values upto 5th place after the decimal.
